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A thick brane in six dimensions is constructed using two scalar fields. The field equations for
6D gravity plus the scalar fields are solved numerically. This thick brane solution shares many
common features with a previously studied analytic solutions, but has the advantage that the
energy-momentum tensor which forms the thick brane comes from the scalar fields rather than
being put in by hand.
PACS numbers:
I. INTRODUCTION
The brane world scenario, where our four dimensional spacetime is seen as lower dimensional membrane embedded
in a higher dimensional spacetime was proposed in [1] [2] (see [3] for earlier work) as a means of addressing the
hierarchy problem. These brane models have also been used to investigate other open questions in particle physics
and cosmology such as the fermion generation puzzle [4] [5] or the nature of dark energy [6] and dark matter [7].
In order to have an effective four dimensional spacetime in these brane world models one must have a method of
confining or trapping particles/fields to a four dimensional spacetime. The localization of fields of various spins has
been investigated by various authors [8, 9, 10, 11]. In particular reference [8] showed that it was not possible to trap
spin 1 gauge bosons in the original 5D models of [1] [2]. More specifically one could not trap spin 1 fields using gravity
alone. One had to introduce some other interaction to trap spin 1 fields. Further in reference [9] it was found that if
one arranged the parameters of the 5D brane models of [1] [2] so that spin 0 and spin 2 fields were trapped then spin
1
2 would be repelled from the brane, and conversely if one arranged the parameters so that spin
1
2 fields were trapped
then the spin 0 and spin 2 field would be repelled.
In [12, 13] it was shown that by going from 5D to 6D it was possible to trap fields of all spins (i.e. spins 0, 12 , 1, 2)
to a 4D spacetime using only gravity. We briefly recall the features of this 6D brane solution that will be relevant for
this paper.











where M , R, Λ and Lm are respectively the fundamental scale, the scalar curvature, the cosmological constant and
the matter field Lagrangian. All of these physical quantities refer to 6-dimensional spacetime with the signature
(+−−−−−).







(gABΛ + TAB) , (2)





2where RAB and TAB are the Ricci and the energy-momentum tensors respectively. Capital Latin indices run over
A,B, ... = 0, 1, 2, 3, 5, 6.







(4) = 0 (3)
Greek indices α, β, ... = 0, 1, 2, 3 refer to four dimensions. The source ansatz functions were
Tµν = −gµνF (r), Tij = −gijK(r), Tiµ = 0 . (4)
Small Latin indices refer to the extra coordinates i, j = 5, 6. Finally the metric was taken to have the form
ds2 = φ2(r)ηαβdx
αdxβ − λ(r)(dr2 + r2dθ2) , (5)
The metric of ordinary 4-space, ηαβ , has the signature (+,−,−,−). The 4D and 2D “warp” factor, ansatz functions





















































[K(r)− Λ] , (8)
where the prime = ∂/∂r. These equations are for the αα, rr, and θθ components respectively. The three equations
(6) – (8) are not all independent, and can be reduced to a set of two equations for φ(r), λ(r). We perform such a























where the constants f1 = − 3Λ5 a and f2 = 4Λ5 (a + 1) are determined by the 6D cosmological constant, Λ, and the
constant, a, from the 4D warp function φ(r). Examples of the shapes of the 4D and 2D “warp” factors (i.e. φ(r) and
λ(r) respectively) are shown in figure (1). The form of the energy density, T00(r) is shown in figure (2). For these
figure we have set a = 2, Λ = 1 and c = 1
In [13] it was demonstrated that this brane solution provided a universal, gravitational trapping mechanism for
fields having spin 0, 12 , 1 and 2. One draw back of this solution is that the matter sources are put in by hand via the
ansatz functions F (r) and K(r) rather than being given by some realistic field source. Also from figure (2) one sees
that the energy density is negative on the brane and decreases to some asymptotic, negative value as one moves into
the bulk. The main result of the present work is to show that it is possible to replace the “by-hand” matter sources
given by F (r),K(r) by more realistic scalar field sources, and still obtain the 4D and 2D “warp” factors which led
to the universal gravitational trapping behavior of [13]. In addition we find that the energy density coming from the
scalar fields has better asymptotic behavior – the energy density, while still negative on the brane, approaches 0 as
r →∞.
II. 6D BRANE FROM SCALAR FIELDS
























FIG. 1: The 4D “warp” function φ(r) and the 2D “warp” func-
tion λ(r).












FIG. 2: The energy density T00(r).
where we have apparently dropped the 6D cosmological constant and the matter source is composed of two interacting









µχ− V (ϕ, χ) , (12)
with the potential energy given by






(χ2 −m22)2 + ϕ2χ2 − V0. (13)
Other attempts to construct thick brane solutions from scalar fields can be found in [14] [15]. In some sense, with
(12) (13) one is replacing the two ansatz function, F (r),K(r) of the previous solution by two scalar fields. The two
real scalar fields ϕ, χ depend only on the extra coordinate r; m1,m2 are the masses of these fields and Λ1,Λ2 are
the self-coupling constants. The constant, V0 = (Λ2/4)m
4
2, acts as a negative cosmological constant. This negative
cosmological constant is the physical reason for the formation of the brane – the attraction of the ordinary matter
is balanced by the repulsion coming from the negative cosmological constant. This potential was used in [16] as an
approximate, effective description of a condensate of gauge field in SU(3) Yang-Mills theory i.e. the scalar fields were
taken as effective fields describing condensates of Yang-Mills fields. In this view one can think of the brane as being
formed from Yang-Mills fields whose condensates are effectively represented by the scalar fields. The general field









































The Einstein field equations for the metric ansatz functions have the same left hand side as in (6), but now the
energy-momentum tensor on the right hand side comes from the two scalar fields. The general form for the scalar







χ,B − gABLm (17)

















+ V (ϕ, χ)
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+ V (ϕ, χ)
]
. (18)







































































+ V (ϕ, χ)
]
. (21)
We can reduce these three equations to two by multiplying (21) by 32 and subtracting from (19) to get a second order

























































The fundamental 6D gravity scale, M , has been adsorbed via the rescaling: r → r/M2, ϕ → M2ϕ, χ → M2χ,
m1,2 →M2m1,2.
We now show that the system of coupled, non-linear differential equations (15) – (16) and (22) – (23) have solutions
which share many common features with the analytic brane solution given by (9) – (10). Unlike the system of
equations (6) – (8) we were not able find an analytical solution, but rather we solved the system numerically using the
NDSolve routine from Mathematica. As with the solutions in (9) – (10) we require that the solution be 6D Minkowski
on the brane (r = 0) so that φ(0) = 1 and λ(0) = 1. For initial condition we chose the ansatz functions at r = 0 as
ϕ(0) =
√
3, ϕ′(0) = 0,
χ(0) =
√
0.6, χ′(0) = 0,
φ(0) = 1.0, φ′(0) = 0, (24)
λ(0) = 1.0, λ′(0) = 0.
Because of terms like 1/r we started the NDSolve routine from r = 0.001. Taking into account the vanishing of
the first derivatives of all the ansatz functions from (24), all the ansatz functions had an expansion of the form
f(r) = f(0) + f ′′(0)r2/2. The terms f ′′(0) were determined from one of the equations (15) (16) (19) or (21). For
example φ(0.001) = φ(0) + 12 (0.001)
2φ′′(0) and φ′(0.001) = (0.001)φ′′(0) where φ′′(0) = − 14φ(0)λ(0)V (ϕ(0), χ(0))
was obtained from (21) (13) and (24). The scalar field self couplings were taken as Λ1 = 0.1 and Λ2 = 1.0. Once
these initial conditions and scalar field self couplings were set we searched for solutions which had good asymptotic
behavior i.e. we wanted the fields and metric “warp” factor functions to approach some constant, finite value as
r → ∞. Such asymptotic conditions were only fulfilled for specific values of m1,m2. For the initial conditions given
in (24) and for the chosen Λ1,Λ2 we found that m1 ≈ 2.462065 and m2 ≈ 3.0168291 gave the desired asymptotic
behavior. These values of the masses, which gave the asymptotically well behave ansatz functions, where found using
the procedure outlined [17]. The numerical solutions for the scalar fields and the metric “warp” factor functions using
the initial conditions in (24) are shown in figures (3) and (4) respectively. Note that since the “warp” factors start
as φ(0) = λ(0) = 1 one has 6D Minikowski spacetime on the brane, r = 0. As r → ∞ λ(r) approaches 0 while φ(0)
approaches some constant asymptotic which is > 1. These features are similar to the “warp” factors of the analytic
solution given in (9). As discussed in [12, 13] such a “warp” factors (in particular φ(0)) acts as a potential well to
gravitationally trap fields/particles with all spins (0, 12 , 1, 2) to the brane. The scalar fields approach the asymptotic
values ϕ(∞) = m1 and χ(∞) = 0. Looking at the potential, V (ϕ, χ), from (13) one sees that V (ϕ(∞), χ(∞)) = 0.
Once the scalar fields, ϕ(r), χ(r), are known it is possible to calculate their energy density. Plugging the numerical
solutions for the scalar fields into (18) the energy density is given by figure (5). The shape of the energy density is










FIG. 3: The scalar fields ϕ, χ for the initial conditions
given in (24).









FIG. 4: The metric functions φ, λ for the initial conditions
given in (24).
similar to that of the energy density for the analytic solution given in figure (2), but the energy density for the scalar
fields asymptotically approaches zero while for the analytic solution the energy density asymptotically approaches a
constant, negative value. The behavior of the present, scalar field, energy density, which goes to zero as r → ∞, is
more physical. However, both solutions have some range of r, for which the energy density < 0. This negative energy
density may provide a physical explanation for the formation of the brane: the negative energy density provides a
repulsive force which can balance the usual attraction due to gravity. Note that in the present case the negative
energy density comes from the −V0 = −(Λ2/4)m42 < 0 term in the scalar field potential. This term acts as an effective
cosmological constant.












FIG. 5: The energy density T00(r) from (18).
At this point we mention that we do not study the stability of the present scalar, field thick brane solution. The
question of the stability is a general open problem for most brane world models and we do not address it here.
One can also question the reliability of the numerical solution presented in figures (3) (4). For example, if one runs
the NDSolve routine from Mathematica out to say x = 50 rather than x = 12 as in figures (3) (4) then one finds that
all the ansatz functions are divergent. However, this is a numerical artifact. For example consider the non-linear wave
equation associated with a massive φ4(x) theory
d2φ
dx2
= 2φ(x)[φ(x)2 − 1] . (25)
It is easy to show that (25) has the analytic solution φ(x) = tanh(x). It is easy to find that if one solves (25)
6numerically using the NDSolve routine that for x > 10 the numerical solution differs from the analytic solution
tanh(x).
To further address the question of whether the divergence of the ansatz functions in equations (15) – (16) and (22)
– (23) is a numerical artifact or real behavior we study the asymptotic behavior of the ansatz functions as →∞. To
this end we write the solutions of the ansatz functions as:
ϕ = m1 − δϕ, χ = δχ, φ = φ∞ − δφ, λ = λ∞ + δλ. (26)
Where δϕ, δχ, δφ, δλ ≪ 1 as r → ∞. The subscript “∞” indicates the asymptotic value of the variable. With the












1 − Λ2m22)δχ, (28)
δφ′′ − 1
r








δφ′ = 0. (30)






























δλ ≈ const., (33)




This analysis indicates that asymptotically the ansatz functions are well behaved. Thus the divergence of the ansatz
functions found for large r by the NDSolve routine in Mathematica is mostly likely a numerical artifact rather than
a true behavior of the ansatz functions. Again one can find similar spurious results by applying NDSolve to the kink
solution of massive φ4 theory as in (25).
III. CONCLUSIONS
We have constructed a thick brane solution in 6D spacetime using two self-interacting, and mutually interacting
scalar fields. This thick brane solution had the same general characteristics as the analytic solution given (9) (10):
the warp factors, φ(r), λ(r) were equal to 1 at r = 0 so that on the brane one had a 6D Minkowski spacetime. As
r →∞ the warp factor functions approached constant asymptotic values φ(∞) > 1 and λ(∞) = 0. The similarity of
the present warp factors with those of the previous analytic solution can be seen by comparing figures (1) and (4).
The energy densities were also similar – both were negative on the brane and approached some different, asymptotic
value as r → ∞. This can be seen by comparing figures (2) (5). Two important advantages of the present solution
is that the asymptotic value of the energy density in the bulk was zero rather than negative. In both cases the
negative energy density may provide a physical explanation for the formation of the brane – the repulsion from the
negative energy density can balance the attraction due to gravity. Another advantage of the present solution is that
the energy-momentum tensor for the previous analytic solution was “fixed by hand” in order to give the warp factors
in (9) which provided the universal gravitational trapping of particles/fields of all spins. In the present case the
energy-momentum tensor comes from a more realistic source i.e. two scalar fields. In essense the two ansatz functions
F (r),K(r) from (10) have been replaced by the two scalar fields ϕ(r), χ(r).
We have not investigated the stability of the present thick brane solution. The question of brane stability is a
general open question in these models.
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